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Abstract. We show that, for general static or axisymmetric stationary 
spacctimes, a cosmological Killing horizon exists only if R a i,n a n b < for a 
hypersurface orthogonal timelike n a , at least over some portion of the region 
of interest of the manifold. This implies violation of the strong energy condition 
by the matter fields, the simplest example of which is a positive cosmological 
constant. 
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It is generally accepted that a positive cosmological constant implies the existence 
of a cosmological horizon, i.e. an outer event horizon. If a positive cosmological 
constant A is added into the Einstein equation, we find de Sitter space in the absence 
of matter for a spatially homogeneous and isotropic universe. This solution exhibits 
an outer Killing horizon 1 . If the spacetime is assumed to be spherically symmetric 
and static, or axisymmetric and stationary, the solution to the vacuum Einstein 
equations is Schwarzschild-de Sitter or Kerr-de Sitter [2]- When the positive A and 
the other parameters of these solutions obey certain conditions between them, one 
gets stationary black hole space-times embedded within a cosmological event horizon. 
What happens if there is matter? A sufficiently low matter density should produce 
a perturbation on the de Sitter black hole background. How does this perturbation 
affect the global properties of the spacetime? In particular, is there still an outer 
(cosmological) event horizon? More generally, what is the criterion for the existence 
of a cosmological event horizon? We were unable to find in the literature anything 
resembling an existence proof, so we decided to construct one. The motivation to look 
for horizons in spacetimes with a positive cosmological constant comes from recent 
observations that our universe is very likely endowed with one [3l [4] . 

The goal of this paper is to find the general conditions for which a stationary 
spacetime has an outer cosmological horizon. We consider two types of spacetimes, 
one static, and the other stationary and axisymmetric. An inner (black hole) event 
horizon is not assumed, although one may be present. We assume that there is no 
naked curvature singularity anywhere in our region of interest. This implies that the 
invariants of the stress-energy tensor are bounded everywhere in our region of interest, 
and that in the absence of an inner horizon any closed surface can be continuously 
shrunk to nothing. We also assume that the weak energy condition (WEC) is satisfied 
by the stress-energy tensor. We assume the existence of a null outer horizon and find 
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the condition that the stress-energy tensor has to fulfill for the Einstein equations to 
hold. We find that the strong energy condition must be violated by the stress-energy 
tensor, at least over some part of the spacelike region inside the outer horizon. While 
a positive cosmological constant does this, we also find conditions on the stress-energy 
tensor due to ordinary matter so that A > implies an outer horizon. 

Let us then start with a spacetime which is static in some region. In this region 
the spacetime is endowed with a timelike Killing vector field £ a , 

V„& + VfcCa = 0, (I) 

with norm £ a £ a = —A 2 . Since the spacetime is static, £ a is orthogonal to a family of 
spacelike hypersurfaces E, and the Frobenius condition is satisfied, 

£[aV 6 £ c] = 0. (2) 

A horizon of this spacetime is defined as the null hypersurface on which A 2 = [5] . 
Starting from the Killing identity 

V Q V a 6 = -RabC , (3) 

and contracting both sides of Eq. ([3|) by ^ b , we obtain 

V Q V a A 2 - 2R ab CZ b - 2 (V«6) (V a £") . (4) 

On the other hand, we can use Killing's equation (Q} and the Frobenius condition ((2} 
to get 

V„& = j (6V Q A - CaV b A) , (5) 

which we substitute into Eq. (Q| to obtain 

V a V a A 2 = 2i? a b£ a £ b + 4 (V a A) (V a A) . (6) 

In order to project Eq. © onto E, we consider the usual projector or the induced 
metric on E 

K b = S a b + \- 2 U b - (7) 

Let us also write D a for the induced connection on E. Then for any p-ioim O whose 
projection on E is Li, and which satisfies = [5J, 

AV a O°- =D a (\u a -). (8) 

Choosing the 1-form V a A 2 for f2 a in this equation, and using Eq. ©, we find 

D a (XD a X 2 ) = 2A [R ab et h + 2 (D a X) (D a X)] . (9) 

We will integrate this equation over the space-like hypersuface with the horizon as 
boundary. For all known solutions with a horizon defined by A 2 = 0, each term on 
both sides of this equation is finite everywhere on E, including on the horizon(s). 
However, since we have unspecified energy-momentum on E, we will not presume that 
these terms remain finite on the horizons. We will assume instead that the left hand 
side, for example, does not diverge at the horizon faster than some inverse power of 
A. Then we multiply both sides of Eq. ([9} by A" , for some appropriate n > 0, and 
integrate over the spacelike hypersurface E to find 

X n+1 D a X 2 d^ 2)a = 2 f [X n+1 R ab C a C b + {n + 2A) A" (D a X) (D a X)] . (10) 
/as is 

The surface integral is over the boundary of E, i.e. the outer horizon whose existence 

we have assumed, and also over an inner horizon if it exists. On the horizons, A = 0. 
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So if we choose n to be sufficiently large, each of the invariant terms appearing in the 
right hand side of Eq. (fTU)) remains bounded as A — > 0. 

Then the surface integral over the horizons vanishes, and we get 

[X n+1 R ah et b + (n + 2A)A" (D a X) (D a X)] = 0. (11) 



s 

Furthermore, since we have assumed that there is no naked curvature singularity 
anywhere on S, in the absence of an inner black hole horizon we may freely shrink the 
inner boundary to a non-singular point, so that the corresponding integral vanishes 
again. Thus Eq. (ITT1) also holds for non-singular spacetimes without a black hole. 

The second term in Eq. (|11[) with a positive n is a spacelike inner product and 
hence positive definite over E, so we must have a negative contribution from the first 
term R a b^ a ^ b ■ In other words, the outer horizon or the cosmological horizon will exist 
only if 

R ab ez b < o, (12) 

at least over some portion of E, so that the total integral in Eq. (fTT|) vanishes. Using 
the Einstein equations 

Rab — -^Rgab = T a b, (13) 

we see that the condition (TT^j) implies that the strong energy condition (SEC) is 
violated by the energy-momentum tensor 

Tab ~ \T9ab^j C£ 6 < 0, (14) 

at least over some portion of E. We know that a positive cosmological constant A, 
appearing on the right hand side of the Einstein equations as —Ag a b, violates the SEC. 
We now split the total stress-energy tensor T a b as 

T a b = -Ag ab + T a N b , (15) 

where the superscript 'N' denotes 'normal' matter fields satisfying the SEC. Then 
Eq. (Til]) becomes 

f A" [\X N + (n + 2\)(D a \)(D a \) - AA 3 ] = 0. (16) 

A N is a positive definite contribution from the normal matter satisfying SEC. So for 
the cosmological horizon to exist, we must have 

f X n+1 j-yN _ AA 2j < Q 

In other words, the cosmological constant term (with A > 0) has to dominate the 
integral if there is to be an outer horizon. It is interesting to note that the observed 
values of A and matter densities in the universe satisfy this requirement. So would a 
universe with A > in which all normal matter is restricted to a finite region in space. 
This has relevance in discussions of the late time behavior of black holes formed by 
collapse. 

This result can be generalized to stationary axisymmetric spacetimes, in general 
rotating, which satisfy some additional constraints. The basic scheme will be the same 
as before. For the spacetime we assume two commuting Killing fields (£ a , a ), 

V (Q £ b) = = V (( A) , (18) 

=0. (19) 
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£ a is locally timelike with norm — A 2 , whereas cj) a is a locally spacelike Killing field with 
closed orbits and norm f 2 . We also assume that the vectors orthogonal to £ a and (j> a 
span an integral submanifold. In other words, local coordinates orthogonal to £ a and 
<p a can be specified everywhere on the spacetime. This, and the last condition above, 
are the additional constraints mentioned earlier. We note that known stationary 
axisymmetric spacetimes obey these restrictions. 

For a rotating spacetime, £ a is not orthogonal to 4> a , so in particular there is no 
spacelike hypersurface tangent to <t> a and orthogonal to £ a . Let us first construct a 
family of spacelike hypersurfaces. If we define Xa as 

Xa = £a - <Pa=Ca + a<j) a , (20) 

we will have Xa</> a = everywhere. An orthogonal basis for the spacetime can be 
written as {x a , 4> a , A* a , v a }. We note that 

XaX a = -/3 2 = -(A 2 +c 2 / 2 ), (21) 
i.e., Xa is timelike when (3 2 > 0. We can also calculate that 

V (Q Xb) = <£aV 6 a + b V a a. (22) 
Our assumption that {/i a , v a } span an integral 2-manifold implies that 

X[a<t>bV c <l) d] = , (23) 

^[aXbVcXd] = . (24) 

where we have also used Eq. (f20| . A straightforward calculation from here shows that 
VaXb - VfcXa = 2/T 1 ( Xb V a /3 - X aV 6 /3) . (25) 

It follows that x a satisfies the Frobenius condition, 

X[aVbXc] = 0, (26) 

so there is a family of spacelike hypersurfaces S orthogonal to x a : although we should 
note that x a is not a Killing vector field. In a rotating black hole spacetime, £ a 
becomes spacelike within the ergosphere T, so for such spacetimes A 2 = does not 
in general define a horizon. The horizons are now located at 1 = 0, as we will justify 
below. 

Since x° is not a Killing vector — a in Eq. (|20|) is not a constant — we need to 
ask if f3 2 — is a Killing horizon, i.e. if there is a Killing vector which becomes null 
on the surface (3 2 = 0. In order to understand the nature of the surface 1 — 0, let us 
consider the congruence of null geodesies on this surface. We start by constructing a 
null geodesic on the surface f3 2 = 0. 

The normal to a hypersurface defined by u = is proportional to V a u. Since the 
vector field x a is hypersurface orthogonal as we have seen in Eq. ([26]) . we can write [8] 

Xa = e p V a u, (27) 

for some p and u. 

A straightforward computation using Eq. jUJ then shows that, when j3 2 = 0, 

X a VaXb = \v b p 2 = n Xbl (28) 

where k := £ x p is a function over that surface. Eq. (j2"8l shows that the 1-form V a /3 2 , 
which is normal to the 1 = surface, is null on that surface. Eq. (|2"8|) also yields 
£ x k = 0. 
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Now we can define a null geodesic k a (i.e. ,k a k a = 0; k a V a k b = 0), tangent (or 
normal) to the surface 1 — 0, by k a — e~ K1 ~x a [7], where r is the parameter along x a 
satisfying x°V a r = 1. Then using Eq.s (|2"2"|) and (|2"o| we find that k a satisfies 



£ -2,r 



2X(a^V c) a - XcVaXfc - Xb<t><NcOt - Xb<j>c^ a a ~ XcX[aSb] («t) 



(29) 

We next consider the Raychaudhuri equation for the null geodesic congruence {k a }, 

j| - - + ^ai,^ - i?a^ a fc & , (30) 

where O is the parameter along the geodesic k a ; 9, b ab and Cj ab are respectively the 
expansion, shear and rotation of the congruence defined by 

6 = h ab V a kb- 1 d-ab = V ( a k b ) - -6h ab ; u ab = V[ a k b ]. (31) 

The 'hat' over the tensors denotes that they are evaluated on a spacelike 2-plane 
orthogonal to k a (or V a /3 2 ), and h ab is the metric on this plane (see e.g. [7J [9] for 
details on null congruence). Tangent to the (3 2 = surface (i.e., orthogonal to V a /3 2 ), 
we can choose <j) a as a basis vector on the spacelike 2-plane. Let the other basis vector 
be some X a , with <f) a X a = 0, and of course (f> a k a — = X a k a . Also, since (f> a is a 
Killing field and commutes with £°, we have £ ( f > a = 0. 

We now contract Eq. ([29]) by (<p b <p c + X b X c ) to find that 

kai^^ + X c X b )V b k c = 0, (32) 

which implies the expansion 9 = on the surface f3 2 — 0, and thus the left hand side 
of Eq. (f30j) is also zero. Similarly by contracting Eq. ([29]) by c/)^ b X c \ we see that the 
rotation w ab also vanishes. However if we contract Eq. ([29| by (jy- b X°\ we see that 
the components of the shear a ab do not vanish, 

k a ^ b X c ^a bc = ^e- KT ^ b X c Uc (V 6 a) fc a) (33) 

where we have used the fact that 9 = 0. Since the Ricci scalar R is finite at /3 2 = 
by assumption, Eq. (|30p becomes upon using the Einstein equations 

T ab k a k b = -\e-^ T f (v«a) (V a a) . (34) 

The inner product on the right hand side of Eq. (|34|) is spacelike. So we see that the 
null energy condition could be violated on 1 = 0, 

T ab X a X b < 0. (35) 
This also implies by continuity the violation of the WEC close to the hypersurface 
f3 2 = 0. Since by our assumption we are not violating WEC, we must have 

(VaCtj (y a o?J = on the spacclike section of the j3 2 = surface. On the other 

hand, using Eq. flTT)l) we see that £ x a = everywhere. Thus a is a constant on the 
/3 2 = surface. Therefore, on this surface, x a coincides with a Killing vector field, 
and hence the horizons we have defined are Killing horizons. This is actually an old 
result [1(3 , which we have rcdcrivcd using an alternative method. 

After this necessary digression, we return to our main proof of existence of 
horizons. Using the Killing identities V a V a £b = -i?b a £ Q , and V a V a ^6 = -R b a 4> a , 
and also the orthogonality Xa<i> a — 0; we obtain on S 

X & V a V a X fc = -RabX a X b + 2 X a V c ^ a V c a , (36) 
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which is equivalent to 

V Q V a /3 2 = 2R abX a x b - 2V c X a V cXa - 4 X a V c a V c a. (37) 
Note that if we set a = in Eq. (|3"?| . we recover the static case of Eq. (jj). 

Next we note that the subspace spanned by {\ a , H a , v a } do not form a 
hypersurface. This is because the necessary and sufficient condition that an arbitrary 
subspace of a manifold forms an integral submanifold or a hypersurface is the existence 
of a Lie algebra of the basis vectors of that subspace (see e.g. [7] and references therein). 
The condition Eq. ([26]) follows from this. On the other hand, Lie brackets among 
{x"j M a i v a } do not close. For example, 

[ X , lA a = [f, (A* + <*[4>, (A° + 0VV b a. (38) 
Since /j, a is not a Killing field, the last term on the right hand side of Eq. (|3"5)) is not zero. 
A similar argument holds for v a . Therefore the vectors spanned by {x a , H a , v a } do 
not form a Lie algebra. This implies that we cannot write a condition like <^[ a V&^> c ] = 0. 

However, according to our assumptions, there are integral spacelike 2-manifolds 
orthogonal to both x° and 4> a . These are spanned by {/i a , v a }. Then we must have 

4> [a D b 4> c] = 0, (39) 

where D b is the connection induced on E defined via the projector h a b = Sa b +f3~ 2 XaX b > 
exactly in the same manner as in the static case. Then we can write 

D a (f> b = h a c h b d V c (f> d = V a (f> b + /T 2 {xa^ c V b Xc - Xb<t> c V aX c) • (40) 

Using the expression of V a Xb from Eq. (j2"2"j) and Eq. (f2"5j). we can rewrite this as 

11 

2/3 2 

It follows from this equation that we can write the Killing equation for <f) a on E as 

D a cj> b + D b (f> a = 0. (42) 
Using this equation and the Frobenius condition of Eq. Q39[) , we derive the expression 

J [foDaf - ^ a D b f] + ^ 

These are all that is needed to simplify Eq. (|37|) . Substituting the expressions for 
VaXb and V a </>b into Eq. ([37]) we get 

V a V a /3 2 = 2R abX a X b + 4 (V OJ 8) (V Q /3) + f (V a a) (V Q a) . (44) 

With this, using the same line of argument as for Eq. (TTB1 . we get 



D a (f>b = V a b + ^— [xaV 6 a - XfoV Q a] . (41) 



Va<f>b = — [<fi b D a f - a D b f] + ^ [ Xb V Q a - XaV b a] . (43) 



fin 



/3X N + (n + 2/3) (D a j3) [D a (3) + LI (D a a) (D a a) - A/3 3 



0, (45) 



if the spacetime has an outer or cosmological event horizon. For T ab — in Eq. 
(|45|) . we get Kerr-de Sitter solution [2]. We note that the assumption of integral 2- 
manifolds orthogonal to both the Killing fields £ a and </> a was crucial to the proof. 
For a completely general stationary axisymmetric spacetime, the existence of such 
submanifolds is not guaranteed, and thus an outer horizon may not exist in such 
cases, even for A > 0. 

To summarize, we have found that in both the static and the stationary 
axisymmetric cases, existence of an outer Killing horizon requires a violation of the 
strong energy condition. This can be through a positive cosmological constant, for 
which there is strong observational evidence, or through exotic matter. 
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